Thermodynamics and molecular considerations are applied to an examination of the equation G=S(jp+ B)T+H(jp+B) + A = 5.925 X 1O-3 (jp-0.45)T+0.0684(jp-0.45) + 2.70, found experimentally in Part I. C is the shear modulus in Mdyn cm -2 at a temperature T for natural rubber crosslinked by adding p parts of dicumyl peroxide per hundred of rubber (phr) and heating until a fraction f of the peroxide is decomposed. C*, the energy component of the modulus, is H(fp+B) +A. The ratio C*IC decreases from 1.00 at the gel point (fp=O.45 phr) to 0.5 near 2 phr arid to 0.09 at 23.8 phr. The modulus C is related to lie, the number of moles of effective sub· chains per cm 3 , by the equation C -C* = IIeRT where R is the gas constant. If each molecule of decomposed dicu myl peroxide of molecular weight Md produces one cross-link in the rubber of specific volume vr, then it is predicted that S = 2R(100M(}iir) -' = 5.5535 X 10-3 Mdyn c m-2 phr-' K-', as co mpared with the ex pe rimental value 5.925 X 10-3 • Theory gives no prediction of the values of A, or of H. The gel point may be located experimentally as the point where the slope of the modulus·temperature relation is zero. The value of G at the gel point is the energy component C*. The experimental value of fp at the gel point permits a calculation of the molecular weight of the rubber before cross-linking as 193,000. The results afford a very satisfactory confirmation of the essential validity of the statistical theory of rubber elasticity in its simplest form, if due regard is paid to C*, the energy component of the modulus.
Introduction
In a previous paper, Part I [1)1 , time-independent experimental observations were reported which could be represented by the following four-constant equation: range of values of fp investigated was from 0 to 23.8 phr at temperatures from 223 to 373 K. The shear modulus is defined as the limit of the ratio of shear stress to the corresponding strain as the stress and strain approach zero.
C=S(fp+ B)T+ H(fp+ B
I Fi gures in bracke ts indicate the lit erat ure referen ces al the end of this paper.
The experimental work described in Part I involved observations of the indentation of a rubber sheet by a rigid ball. Consequently, the deformation was complex, involving extension, compression, and shear in different portions of the sheet. However all deformations were kept so small that no extrapolation was required to obtain the modulus. At these small deformations the relations between stress and strain were linear. Previous work discussed in Part I has demonstrated that the values of C obtained on dicumyl peroxide vulcanizates by the indentation me thod give good agreement with those obtained by direct measurements of shear modulus with a torsion pendulum or those given by the proper extrapolation of simple extension measurements. Figure 1 shows the modulus-temperature relations exhibited by this equation , while fi gure 2 shows the plot of modulus against fp. In each case the shaded area s hows the range of temperature covered by our experimental observations. It should be noted that extending the curves to 0 K involves a linear extrapolation over a range of lower temperatures about 50 percent more than the experime ntal range itse lf. However , the fi gure is not inte nded to imply that observations at temperatures below the indicated e xperi- --Continuous line represents eq (1. 1).
---Dashed lin e represents eq (1.2).
mental range would conform to the lines shown. In fact the data in Part I clearly show a completely differe nt relation at temperatures approaching the glass transition. The general qualifications and limitations of eq (1.1) in representing ex perimental data are outlined in Part I. They will not be given further consideration in the present paper.
In figure 2 figure 1 .
Mter pointing out the thermodynamic implications of eq (1.1) the present paper is devoted to a discussion of the predictions of the simplest form of the theory of rubber elasticity and a quantitative comparison of these predictions with the experimental observations_ The aim has been to outline the general features of the field.
Thermodynamics: Entropy and Energy
The force involved in stretching a rubber strip can be resolved into components arising from changes in
Modulus as a function of amount of decomposed dicumyl peroxide for different temperatures.
--Continuous line represent s e q (1.1).
---Das hed line re presents eq (1.2 ).
The upper absc issa scale shows th e expected density of cross·links in J.L mol cm-3 , as calc ul ated from eq (3.6).
entropy and internal energy. Extensive discussions [2] [3] [4] [5] have pointed out the difference between the resolution obtained at constant pressure and that at constant volume.
Since an increase of volume is observed when rubber is stretched at constant pressure [6] [7] [8] , there is a corresponding increase of internal energy. Consequently the energy component of the force at constant pressure exceeds that at constant volume by the force corresponding to the amount of work required to increase the volume. The entropy component is necessarily smaller by the same amount, if the total force is kept the same.
The theory of rubber elasticity usually places emphasis on the configurational aspects of the problem, and so normally requires the resolution to be made at constant volume in order to eliminate that portion of the energy component arising from volume change [9] .
The modulus G studied in the present investigation can be resolved in an analogous manner into components arising from entropy and internal energy changes [10 , 11] .
However, Shen [14, 15] has pointed out that the shear modulus should be independent of the applied hydrostatic pressure and no distinction need be made between measurements of G at constant pressure and those at constant volume. This is an important advantage of dealing with the modulus rather than the force.
In approximate confirmation of this expectation, Paterson [12] by direct observation found that the modulus of a pure-gum natural rubber vulcanizate increased by only about 30 percent as the pressure was raised from atmospheric to 4000 bars (1 bar = 10 6 dyn cm-2 = 10 5 Nm -2 = 105Pa). The compressibility of natural rubber cross-linked with a small amount of dicumyl peroxide has been measured as 51.4 X
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1O-6bar-I [13] . Utilizing this value one can calculate that i ' an external pressure of only about 2 bars would suffice to reduce to zero the volume increase of about 0.01 percent observed [6--8] on stretching rubber to an elongation of 100 percent. Consequently it seems quite certain that in an experiment where the pressure would be systematically increased to keep the volume constant, the change in modulus would be less than the experimental uncertainty of measurement.
The resolution of modulus in the present investiga· -<. tion can be seen by an examination of figure 1 and eq (1.1).
Equation ( At the higher degrees of cross-linking (especially above 5 phr) the ultimate elongation and tensile strength are so low that the material can hardly be considered a very useful rubber. It is not clear why these results differ from those of Rehage, Schafer, and Schwarz [11] , who reported that the value of C*/C increased from about Considerable attention has been given by previous investigators [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] to a ratio they have denoted as I e/!, where I e is the energy component of the force and I (in contradistinction to the I used in this paper) is the total value of the force required to maintain a certain elongation at constant volume. Shen and co-workers [14, 15, 27] by using the equation of state given by the current statistical theory of rubber elasticity have derived equations showing I e/ I to be less than C*/C by an amount (1/3){3T where {3 is the volume thermal expansivity. This difference amounts to only 0.067 near 300 K. We prefer to express results in terms of C*/G, so that no assumptions regarding the form of stress-strain relation (or equation of state) are required.
Our work yielding the value of C*/C is of course limited to very small deformations. Consequently it gives no information on the disputed question of whether I e/! varies with deformation. Several observers [21, 23, 24, 26, 27] had reported that I e/! at a fixed amount of cross-linking increased rapidly as the deformation approached zero, rising from values near 0.2 to 0.6 or more. However more recent papers by two of the authors and others [9, 14, 15, 25, 28, 29] have stated that the ratio is independent of the deformation, as required by theoretical considerations.
Predictions of the Theory of Rubber Elasticity

Cross-Linking
Modern ideas regarding cross-linking and its effect on modulus are summarized in the book by Meares [30] along the lines of the earlier developments given in the books of Flory [31] and Treloar [32] . We shall follow mainly the treatment and symbolism of Meares.
At this stage we shall limit ourselves to the very simplest assumptions, realizing that these may represent an over-simplification of the problem. In a later paper we shall consider limitations and qualifications which might be necessary and discuss the effects of more complex assumptions. Meares [33] has sum-marized many of the efforts to obtain more satisfactory results by more sophisticated assumptions.
Consider a quantity of unvulcanized rubber having a mass mr, a volume Vr and a specific volume Vr = V r/ m r. Let the number of rubber molecules in the system be denoted as where Al is the Avogadro Constant (the number of molecules in one mole), and M is the effective molecular weight of the un vulcanized rubber (here assumed to be monodisperse).
Suppose that in some manner (as by the reaction with dicumyl peroxide) a certain number of cross-links X are formed in this rubber without appreciable change of volume or mass of the system. The number of subchains formed will be twice this value, since each additional cross-link gives rise to 2 more sub-chains. Sub-chains are called "strands" in the terminology used by Ferry and his collaborators.
Sub-chains which are at each end of a rubber molecule will not be effective in maintaining stresses, since they are not part of the network being formed.
Thus 2N sub-chains are ineffective dangling loose ends, at all degrees of cross-linking. This number should be subtracted from 2X the total number of sub-chains formed, in order to obtain the number of effective or active sub-chains, that is, those capable of supporting a stress. As long as X is less than N some molecules can not be included, and will not be supporting their share of the stress.
Assuming the accuracy of this correction and neglecting other inactive sub-chains (such as loops for example or molecules not a part of the network), if any, one obtains lie, the number of moles of active subchains per unit volume of uncured rubber. The cross-linking in the present work was produced by free radicals resulting from the decomposition of dicumyl peroxide of molecular weight Md (= 270.38).
The compounding involved the addition of p parts of peroxide of mass md to each hundred parts of rubber of mass mr• Thus,
Some of the peroxide is wasted in reactions with impurities in the rubber [34, 35] . Since the amount wasted mo would be expected to be proportional to the amount mr of rubber, let us define a constant w such that
The remainder of the dicumyl peroxide (md -mo), after decomposition, is available for cross-linking the rubber.
Each molecule of the remaining peroxide is assumed to give rise to one cross-link, after decomposition. Thus the total number of cross-links formed The number of cross-links formed per rubber molecule is then obtained by dividing by eq (3.1).
X/N= (M/100Md ) (fp-fw) (3.7)
When the value of X from eq (3.6) is inserted in eq (3.2) we have
Variation of Modulus With Cross-linking
A complete network including all the rubber molecules is possible only when there is at least one cross-link for each molecule, that is when X ;;. N, as already stated. When the number of cross-links is increased beyond the point where X = N , the fundamental proposition of the statistical theory of rubber elasticity states that the formation of additional subchains will give rise to a corresponding proportional increase in modulus to a modulus value G such that G -G* = lIeRT (3.9) where R is the gas constant, T the temperature in kelvins, and G* the modulus of the network at 0 K, already defined as the energy component of the modulus in section 2, and utilized in eqs (2.1) and (2.3).
It can be seen from eq (3.9) that G* should be also the modulus at all temperatures when ve=O, namely before any effective subchains have been formed. No attempt will be made in this paper to calculate the value of G* from molecular constants, but it will be assumed to remain constant as the temperature is varied , It is expected that eq (3.9) will be subject to experimental verification only above the glass transition temperature Tg. The present theory likewise will give no consideration to the case where X < N, since the theory can be applied only where there is a complete network.
The modulus appearing in eq (3.9) is the "equilibrium modulus"; the experimental moduli in the work reported in Part I are largely 10-minute moduli. We recognize the distinction, but shall make direct comparisons, since the significant values reported in
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Part I are derived from observations taken under conditions where the creep and set were very small or completely negligible [36, 37] . It has already been pointed out [36] that studies by Thirion and Chasset [38, 39] lead to an equation for the equilibrium modulus of natural rubber cross-linked with dicumyl peroxide yielding values differing from the lO-minute modulus by less than 2 percent when the amount of effective dicumyl peroxide is 1 phr or more.
The insertion of the expression for V e from eq (3.8) in eq (3.9) leads to the fundamental equation: shows that the experimental data conform to this surprising prediction, which we have not noted in any previous publications.
At this degree of cross-linking then, each rubber molecule, on the average, is attached to a single added cross-link. This is the "gel point", the degree of cross-linking where the molecules first form a network.
Quantitative Comparison of Predictions and Results
The equations which have been derived from molecular considerations can now be compared with those found experimentally. In the expression for G given by eq (3.10) the first term has exactly the same form as that given by eq (1.1), while the second term G* corresponds to the sum of A and H(fp+B) in eq (l.l), as demonstrated by eqs (2.1) and (2.3).
The molecular considerations outlined previously, while making allowance for the existence of an energy component, have furnished quantitative results only for the entropy component of the modulus. Consequently they furnish no predictions whatever regarding the value of G*. It may be found from the experimental data by inserting the constants found in eq (l.l) into eq (2.3) to obtain The difference between the solid and the dashed lines in figures 1 and 2, plotting eq (1.2) , shows the effect of omitting the term. The value of the term is seen to be quite small under all conditions, and it does not have a very significant effect on the results. The magnitude of the term ranges from -0.031 to + 1.68 Mdyn cm-2 as jp is increased from 0 to 25 phr and of course it is independent of temperature. Its presence does not alter the form of any of the relationships discussed , but causes G* , the modulus intercept at 0 K, to increase from 2.67 to 4.38 Mdyn cm-2 as jp is increased rather than remaining constant at 2.70 Mdyn cm-2 • The comparison may be readily seen in figure 1.
It can be seen from eq (3.11) that aG/ajp should increase linearly with temperature, beginning with a value of 0.0684 Mdyn cm-2 (phr)-t at T= O. It can be seen from eq (3.12) that aG/aT is unaffected by the presence of the term containing the constant H, as shown by the parallelism of the lines corresponding to eqs (Ll) and (1.2) in figure 1 .
The linear relations between G and T, and between G and jp, as well as the linearity of the derivative curves, are predicted and confirmed by the experi· mental results. Probably the most striking prediction of the molecu· lar considerations is that the curves of G against jp, for all temperatures, as in figure 2 , should pass through a single point, not located at the origin of coordinates. The theory explains this as the gel point, where the cross·linking is just sufficient to form a network. It is predicted that for this degree of cross-linking aG/aT= 0, and at lower degrees of cross·linking aG/aT should have negative values. These predictions are again confirmed by the experimental values.
A much more severe test of the theory is given of course by a quantitative comparison of the values of the experimental constants Band S in eq (l.l) with the corresponding molecular constants in eq (3.10).
The constant B in eq (l.1) corresponds to the constant quantity -jw -100 Md/M in eq (3.10). Thus
The first term of this expression, it will be remembered, represents a correction for the peroxide wasted in reac· tions with impurities in the rubber. The size of this term should depend on the nature and amount of the impurities. Van der Hoff [34] comparing purified and un purified rubbers found experimentally that jw, the amount of this wasted peroxide was 0.31 phr for un purified pale crepe rubber and that it was inde· pendent of the amount of added peroxide up to 4 phr. In the absence of information regarding the 1:75 impurItIes in our pale crepe rubber we shall assume the same amount as van der Hoff found, namely 0.31 phr.
The comparison of constants now gives B=-0.45=-0.31-100 Md/M, and M = 27,038/0.14 = 193,000.
This value is a very reasonable one for the effective molecular weight of the rubber before cross·linking.
Since the rubber was actually polydisperse, this effective value must represent an average molecular weight, presumably the number·average. No direct measurements of molecular weight were made in the present study.
If the amount of dicumyl peroxide reacting with impurities in the rubber actually has some constant value different from 0.31 phr, the calculated value of effective molecular weight will be different from that just given. A value of only 60,100 would have been obtained from the present data if it had been assumed that there were no impurities, so that all the added dicumyl peroxide was available for cross· linking. The calculated molecular weight becomes infinite as the assumed amount of impurity approaches 0.45 phr. This possible uncertainty in the molecular weight does not affect any of the other conclusions of the present work.
The second comparison shows that
The values of the gas constant R (= 8.3143 X 10 7 erg K-I mol-I), Md (=270.38), and Vr (= 1.1074 cm 3 g-I,
the directly·measured specific volume of the un vulcanized rubber at 25 °e, the midpoint of the temperature range covered) yield a predicted value of S equal to 5.5535 X 10-3 Mdyn cm-2 phc l K-l. The directlyobserved value of 5.925 X 10-3 Mdyn cm-2 (phr)-l K-I is about 6.7 percent greater than this. If this difference is not due to defects in the assumptions, it may arise from the presence of entanglements functioning as pseudo-cross-links and increasing the effective number of sub-chains by about 6.7 percent above that predicted from the actual cross-linking. More precise experiments would be required for a clear-cut decision between these two alternatives. At present, we shall assume that the difference does arise from entanglements and discuss them in a later paper of the present series.
The results of the present investigation yield an experimental value of iJGliJ(!p) at 298.15 K about 10.5 percent greater than that calculated by the simple theory outlined here. About 6.7 percent of this would be due to entanglements and about 3.8 percent to the presence of the term containing the constant H in eq (1.1). Similarly the data of others [40] [41] [42] [43] [44] can be put into a form which yields values of aGla fp at 298.15 K greater than those calculated here by amounts ranging from about 6-23 percent.
Conclusions
The equation The entropy component of the modulus as well as its variation with cross-linking and temperature can be predicted by the statistical theory of rubber elasticity, utilizing extremely simplified assumptions. The prediction yields relations of exactly the form found experimentally. Of course, the theory makes no predictions regarding the energy component. As determined experimentally, the energy component is almost constant, increasing only slightly with increasing cross-linking.
The gel point, namely the degree of cross-linking . where there is only one effective cross-link per molecule, can be determined experimentally as the degree of cross-linking at which there is no change of modulus with temperature. In our work, this state was reached at 0.45 phr of decomposed dicumyl peroxide, which corresponds to the point of intersection of the lines in the plot of modulus against cross-linking. If the amount of dicumyl peroxide wasted by reaction with impurities in the rubber is estimated, the effective molecular weight of the rubber before cross-linking can be calculated. The modulus at the gel point was found to be 2.70 Mdyn cm-2 at all temperatures in our work. At this degree of cross-linking, just sufficient to form a network, the modulus has no entropy component and consists of the energy component alone.
The experimental value observed for the coefficient of the first term of the general equation for modulus
as a function of cross-linking and temperature is about 6_7 percent greater than that calculated from the statistical theory, which gives its value in terms ofthe gas constant R, the molecular weight of dicum~l peroxide, and the specific volume of the rubber. ThIs difference can probably be ascribed to the effect of entanglements functioning as pseudo-cross-links_
The third paper of this series will include a discussion of some molecular interpretations, some more sophisticated assumptions, and further conclusions which can be drawn from the present results.
